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implies that u isp times continuously differentiable in J x T, by (8.12.5). When
E and G are finite dimensional and/is indefinitely differentiable, it follows
from (3.17.10) that in the preceding argument one may choose T independently
of p, since all derivatives of/are continuous; therefore u is indefinitely
differentiable in J x T.
Observe that in (10.7.4), one may replace Jj by any open interval contain-
ing the point tQ, and J by any open interval containing t0 and such that
(10.7.5) Suppose that the Banach spaces E and G are finite dimensional and
that f is analytic in I x H x P. Then, for any open ball J of center t0, such that
J g Jl9 it is possible to take T such that u is analytic in J x T.
If K = C, this follows immediately from (10.7.1), (10.7.3), (9.10.1), and
(9.9.4). If K = R, we apply an argument exactly similar to that of (10.5.3),
which we accordingly suppress.
(10.7.6) Remarks. There are several improvements and variants of the
preceding theorems. For instance, in (10.7.3), when K = R, the existence of
Dj/is not required to insure that D2 u(t, z) exists: we need only the continuity
of D2/and D3/as functions of (x, z), and their boundedness in J x S x T,
as well as the fact that t -*/(f, h(t), z) is regulated in I for any function h
continuous in I and similarly for D2/and D3/
PROBLEMS
1. The notations being those of Section 10.4, let I be an open ball in K of center /0 and
radius a, S an open ball in E of center x0 and radius r, G the normed space ^e (I x S)
(Section 7.2). For each M > 0, let GM be the ball ||/|| ^ M in G. Let L be the subset of
G consisting of all continuous lipschitzian mappings of I x S into E (10.5.4); for each
M > 0, let JM be the open ball of center f0 and radius inf(a, r/M); for each function
/e L n GM, there is a unique solution u = U(/) of x' — f(t9 x) taking its values in S,
defined in JM and such that u(t0) = x0 (Section 10.5, Problem 6(c)).
(a) Let (/„) be a sequence of functions belonging to L r> GM, and suppose/, converges
uniformly in I x S to a function/; show that in the space ^e (jm), every cluster value of
the sequence of functions un = U(/,) is a solution of x' ==/(£, x), taking its values in S,
and equal to x0 for t»tQ (use (10.4.3) and (8.7.8)). Give an example in which the
sequence (un) has no cluster value in #£(JM) (see Section 10.5, Problem 5).

